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Sections and Ideals of Centers of Group Algebras* 
‘I’hc existence of a certain ideal Z,,, of the center % of the group algebra I(‘(; 
of a linite group G over a field P of prime characteristic p is proved: Z,,, has as 
an I;-hasis the set of p’-section sums of G. The fact that ZD, is an Ideal is 
equivalent to certain congruences involving the solutions of equations in G: 
it is proved using ordinary characters. The primitive idempotents and linear 
characters of Z,, (as an F-algebra) correspond to the blocks of FG of defect 0. 
If n is any set of primes and F has characteristic 0, there is an ideal %, of % 
with F-basis the set of v-section sums i f and only if G has a normal n’-Hall 
subgroup. 
Let FG be the group algebra of a finite group G over a field F of charac- 
teristic p( .; 0). I;or an y  subset M of G let .c/?M = CllEMg in FG. The center 
% %(FG) of FG, i.e., the class algebra, has the class sums .Yk; ,..., .‘/‘K,, 
as an F-basis. 
I,et n bc any set of prime numbers and rr’ the complementary set of 
primes. Each g t G has a unique factorization g 2 g,,g,’ : gn’gW into a 
x-element and a rr’-element. Let k; ~- {I}, K2 ,..., k’,$ be all the classes 
cor&ting of rr’-elements. Then G is partitioned into s x-.sectiutzs 
s, (g c G : gn E K,), 1 ..; t : ; s. 
Denote by ;1’, -= Z,(FG) the F-subspace of Z that has (YS, ,..., -Y’S’,,~ 
as an F-basis. For example, if G is a n-group, .&, :.= Z, and if G is a r/-group, 
Zv is the one-dimensional space containing YG. We shall study the question 
of when %, is an ideal of 2 (as it is, for example, in the two cases just cited). 
‘I’his questiun is easily reduced to characteristic 0 as follows. 
’ ‘rhis work \cas supported in part by the National Science Foundation under 
(Grant NSl?-GP-19661. 
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Let F,, be a finite extension of Q which is a splitting field for G. \Ve can 
express the multiplication in Z(F,G) by writing in FOG 
Here aj, is a class function on G whose values are nonnegative integers; 
explicitly [5, (5. I)], 
Then 
c&g) = I{(& y) : x E K, , y  E K, , sy = g}]. (1.2) 
YS, . Y’K, = 2 b,,(g)g, t _ I,..., 5, (1.3) 
U’tC 
b,,(g) = c a&) = j{(.x,y): s t s, , y E K, ) xy = gj;. (1.4) 
K&S, 
If F is any field of prime characteristic p, let o be a valuation ring in F, 
with prime ideal p such that p up. Identifying the prime subfields of F and 
o/p, we see that the equations corresponding to (1.1) and (1.3) in FG are 
obtained by reducing the rational integers a&) and b,,(g) modulo p (or, 
equivalently, modulo p). In particular, &(FG) is an ideal in Z(FG) if and 
only if 
b,,(g) = hdg,) (mod P) (1.5) 
(or mod p) for all t, I, and g. If  F has characteristic 0, the corresponding 
condition is b,,(g) := b,,(g,). In any case, the condition depends only on the 
characteristic of F. 
2. 'THE IDEAL Z,f 
Our main result deals with the case that T = {p)’ contains all primes with 
one exception; as usual, we write p’ for (p}‘. 
'THEOREM 1. If  F has prime characteristic p, Z,) is an ideal of Z. 
Proof. InF,, , let the (absolutely) irreducible characters of G be x1 ,..., xrz , 
and let xi’ be contragradient to xi . Let wi be the linear character of Z(F”G) 
corresponding to xi. By a well-known consequence of the orthogonality 
relations [5, (2.15)], 
ajl = C ThXi , 
i -1 
(2.1) 
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whcrc 
m,,i :. (2.2) 
for g, E Kj . Then 
6, i rl,,,x,’ > (2.3) 
i 1 
(2.4) 
Write 1 G I = p%, where p f  c, and choose n so that n + 1 (mod c) and 
n L 0 (mod p”). For every g t G, ggr :- g”; hence S, mu- {g E G : gn t K,f. 
By a theorem of Frobenius (see Brauer [l, p. 374]), pm” CsES, xl(g) is an 
algebraic integer. Since w,(,YKr) is an algebraic integer, ntli ED. On the 
other hand, by [3, p. I I ; 5, (6.4)], x,(g) s- xi,(g,,) (mod p) for every g E G. 
These facts show that (2.3) implies (1.5) with = = p’, and Theorem 1 is 
proved. (Instead of using the theorem of Frobenius we could have given an 
argument using the theory outlined in [lo]-in particular, the information 
given there about the matrix called D”‘.) 
Remark. Rukolaine [12] has defined an algebra in characteristic 0 by 
multiplying the classes of $-elements of G in an unusual way. This algebr-a 
and Z,,, have the same dimension, but I do not know any other relationships 
between them. 
3. PROPERTIES OF Z,, 
Continue to assume that F has prime characteristic p. The class sums 
Ypk’, for which Kj has defect 0, i.e., for which p { / C,(g,)l, form an F-basis 
of an ideal C of Z [S, Lemma 4; 2, (13A)]. Th ese classes consist of $-elements 
and are p’-sections; in fact, they are precisely the $-sections of G that consist 
of a single class (this class necessarily consisting of p’-elements). For any 
primitive idempotent e = C c(g)g of Z,, , the function c vanishes except on 
p’-elements [8, p. 1781. Since c is constant on $-sections, e E 0’; that is, the 
algebras Z,, and U have the same primitive idempotents. 
We digress to present a useful general lemma. (The argument is hardly 
new: for example Michler has used a similar argument in the proof of [7, 
Proposition 21.) 
LEMMA. Let e be any idempotent in an ideal I of a commutative finite- 
dimensional algebra A over a field F. (A need not have an identity.) Then the 
decompositions of e into primitive idempotents of A and of I are the same. 
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Proof. Let e = Cifi where the fi are orthogonal primitive idempotcnts 
of -4. Then efj = Cififj =fj" -fj , so that fj E I as required. The lemma is 
equivalent to the following corollary. 
COROLLARY. If I is an ideal of the commutatiae$nite-dimensional F-algebra 
A, the primitive idempotents of I aye the same as the primitive idempotents of A 
that lie in I. 
By this corollary, the primitive idempotents of Care precisely the primitive 
idempotents of Z that lie in U. (This fact is not new; see [2, (13A)] for the 
splitting-field case, and [4, p. 1661 g m eneral.) Using Rosenberg’s definition 
of defect group [I 1, Section 31 we obtain the following result: 
THEOREM 2. If F has prime characteristic p, the primitive idempotents of 
Z,, are the same as the block idempotents of Z of defect 0. 
I f  F is also a splitting field for G, the theory of commutative algebras (cf. 
[2, (14A)]) tells us that the linear characters of Z,, are just the restrictions of 
the linear characters of Z that do not vanish on Z,, . By their values on the 
idempotents of Z,, we see that distinct such characters have distinct rrstric- 
tions. Lifting to characteristic 0 (cf. [2, (4B)]) we can state the following 
theorem in the notation of Section 2. 
THE~RE~I 3. An irreducible character xi of G is in a p-block of positive 
defect {f and only if wz(.YS,) x 0 (mod p) for eaery PI-section S, of G. 
I f  O,(G) # 1, G has no blocks of defect 0 [2, (9F)], [ll, Proposition 4.41, 
and Theorem 2 implies that Z,, is a nilpotent algebra. In fact, an elementary 
argument shows more, as follows. 
'I'HEOKEM 4. If F has prime characteristic p and if O,(G) + I, all psoducfs 
in the a&bra Z1,,, are zero. 
Proof. Let H = O,(G). By [9, Theorem 21 the p’-sections S, of G are 
the inverse images of the p’-sections T, of G/N under the natural homo- 
morphism, that is 
St =(~EG:~HET,), 1 ; t :< s. (3.1) 
\Vith F,, as in Section 1, write 
Y’S, . pYs, = c Cttc( g)g, 
C,EC 
in F,,G and F&G/H). Then 
YT, . .YT,, = c 4,Ady 
WC/H 
(3.2) 
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where the factor / H i counts the factorizations (xh)(h-‘y) -= g, la E H. Since 
p divides ( H 1, reduction modulo p gives the result. 
Theorem 4 can be combined with the Brauer homomorphism [2, (7B)] 
to obtain some information, not included here, on the multiplicative structure 
of Z,,, when O,(G) =-: 1. 
4. ARBITRARY SETS OF I'RIXES 
In this section we place Theorem 1 in perspective by looking at what 
happens when p’ is replaced by an arbitrary set of primes. 
THEOREM 5. Let G be a jinite group, 7~ a set of primes, and F a field of 
characteristic 0. Then the following statements are equivalent: 
(a) Z, is an ideal of Z, 
(b) 2, is an F-algebra, 
(c) (Y’S,)~EZ~ h w eye S, is the r-section of G containing I, 
(d) G has a normal rr’-Hall subgroup. 
Proof. Clearly, (a) implies (b) and (b) implies (c). (YSJz = CDEC d(g)g, 
where d takes on nonnegative integral values and zqfc d(g) = r2, where 
r = 1 S, i. Now 
d(l)=;{(x,y):~~ES,,yES,,~y=l}l ==;{(x,.+):x~S~}j ==r. 
I f  (c) holds, CgESl d(g) = ~‘1, so that (Y&)2 = uY’/‘s, and S, is closed under 
multiplication. Since S, is th e set of all n’-elements of G, S, == O,,(G); 
thus (c) implies (d). 
Assume (d) and let 11 :: O,,,(G). A s in the proof of Theorem 4, Eq. (3.1) 
gives a bijection S, t> T, between the r-sections of G and those of G/13. 
For any g E G and h E H, the factorizations xy -= g counted in (1.4) corre- 
spond one-to-one to the factorizations x’y = hg with x’ E S, and y  E K, by 
x’ = hx; hence b,,(g) II b,,(hg) = b,,(z-lhgz) for all x t G. This says that 
b,, is constant on the inverse image in G of every conjugacy class of G/H; 
but since G/H is a n-group, its conjugacy classes are its a-sections T, . By 
(3.1), b,, is constant on n-sections, so that (d) implies (a) and Theorem 5 is 
proved. Alternatively, we could have based part of the proof on a result of 
\Yielandt [I 3, (1.6)] on S-rings. 
For F of arbitrary characteristic, let r and p be sets of primes. If  f  is any 
F-valued function on G that is constant on n-sections and on p-sections, then 
for any gt G, f(g) =J(g*) = f([gn],) =f(g?,& so that f  is constant on 
(n n p)-sections; the converse is clear. Hence 
7 +nD = 2, n Z, . (4.1) 
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(Equation (4.1) is equivalent to the statement 
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given by Iizuka [6, 2.4.A] in a different form.) 
THEOREM 6. Let G be a jkite group, n a set of primes, and F a Jield of 
prime characteristic p; let o = T (j(p). I f  G has a normal rr’-Hall subgroup 
or a normal or-Hall subgroup, then Z, is an ideal of Z. 
Proof. In the first case, the conclusion follows from Theorem 5 by 
reduction modulo p. In the second case, we can suppose p $7~. By (4.1) 
z5 =: z, n z,, ) and the result follows from the first case and Theorem I. 
It would be interesting to know whether Theorem 6 has a converse. 
REFERENCES 
1. R. BHAUER, A characterization of the characters of groups of finite order, Awl. 
of Muth. 57 (1953), 357-317. 
2 R. BHAUEH, Zur Darstellungstheorie dcr Gruppen endlicher Ordnung I, &‘ath. Z. 
63 (1956), 406-444. 
3. R. BRAUER AND C. NESBITT, On the modular representations of groups of finite 
order, I, Math. Series No. 4, University of Toronto, Toronto, Ontario, Canada, 
1937. 
4. S. B. CONLON, Twisted group algebras and their representations, /. Austral. &i’nth. 
Sm. 4 (1964), 152-173. 
5. W. FEIT, “Characters of Finite Groups,” Benjamin, New York, 1967. 
6. I<. IIZUKA, Some studies on the orthogonality relations for group characters, 
Kumamoto /. Sci. Ser. A 5 (1961), 111-l 18. 
7. G. MICHLEH, Conjugacy classes and blocks of group algebras, to appear. 
8. M. &JMA, Notes on blocks of group characters, Math. /. Okaynmu Uaiv. 4 (1955), 
175-188. 
9. W. F. REYXOLDS, Sections, isometries, and generalized group characters, J. Algebra 
7 (1967), 394-405. 
10. !V. F. REYNOLDS, “Characters of Finite Groups and Sets of Primes,” in Repvesen- 
tntion Theory of Finite Groups md Related Topics, Proceedings of Symposia in 
Pure Mathematics, American Mathematical Society, Providence, R. I., vol. 21 
(1971), 123-125. 
1 I. A. ROSENBERG, Blocks and centres of group algebras, Math. Z. 76 (1961), 209-216. 
12. A. V. RUKOLA~NE, The algebra of p-regular classes of a p-solvable group (Russian), 
Vestnik Leningrad. Urriu. 22, No. 19 (1967), 152-l 54. 
13. II. TVIELANDT, Zur Theorie der einfach transitiven Permutationsgruppen. 11, 
lfuth. Z. 52 (I 949), 384-393. 
